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1. INTRODUCTION 
The KorteweggdeVries equation (referred to as the KdV equation 
henceforth) is a nonlinear partial differential equation which arises in the 
study of many physical problems, such as water waves, plasma waves, and 
lattice waves, etc. For a survey we cite the article by Miura [ 11. 
Recently, Whitham showed the representation of periodic waves as 
infinite sums of solitons for the one-dimensional KdV equation and 
modified KdV equation [2]. In this paper we use a different method to 
generalize Whitham’s results to the two-dimensional KdV equation and 
modified KdV equation. Cnoidal wave solutions are obtained. We prove 
that the solutions can be expressed as a sum of infinite number of solitons, 
by using the Fourier series expansions and the Poisson’s summation 
formula. At the time of writing this paper the authors have not seen the 
two-dimensional results like ours in the literature. Only the N-soliton 
solutions were previously given by Satsuma [3]. We have also established 
a criterion for the existence of single soliton solution, it is aw > 3b2, where 
a and b are wave numbers in the x and y directions, respectively, and o is 
the frequency. 
2. KdV EQUATION 
We consider the two-dimensional KdV equation of the form [43: 
(u, + 6~424, + u,,,), + 3u.,,,, =O, (2.1) 
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where u = u(x, y, t) is a function of x, y, and t. We look for real-valued 
traveling wave solutions of the form U(r) = u(x, y, t) with l= ax + by - cot, 
where a, b, and w are real constants. Without loss of generality we assume 
a > 0. Eq. (2.1) becomes 
- (aw - 3b2) u” + 6a2( UU’)’ + u’U’~ = 0. (2.2) 
Integrating Eq. (2.2) twice with respect to 5 leads to 
-(NO-3b2)U+3a2U2+a4U”=A~+Ba2, 
where A and B are integration constants. 
(2.3) 
3. SOLITARY WAVE. SOLUTION 
For a solitary wave solution, we impose the boundary conditions U, U’, 
U” U”’ + 0 as 5 -+ f co. These conditions imply A = B = 0 in Eq. (2.3), and 
hence we obtain from Eq. (2.3) 
(3.1) 
where C = (ao - 3b2)/a2 and we have used the fact that dU’*/2 dU = U”. 
There are two cases to be considered: 
First, if C < 0, the solution to Eq. (3.1) is 
U(t)=: l+tan* - 
i [ 
J2;C(t-6 1 1 \ O 1 ‘2 (3.2) 
where <,, is an integration constant. Clearly, U(t) is unbounded; it is not of 
much physical interest. 
Second, if C b 0, the solution of Eq. (3.1) is 
(3.3) 
where to is an integration constant. We note that C > 0 gives a condition 
under which a nontrivial solitary wave solution exists. This condition 
indicates a relationship that must be satisfied by the wave numbers a, b and 
the frequency w, namely, ao > 3b2, for the existence of nontrivial solitary 
wave solution. On the other hand, if ao < 36*, no solitary wave solution 
exists. in fact the wave solution becomes unbounded. 
309.127:1-15 
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In particular, if w = a3 + 36*/a and &, = 0, then 
lJ(;)=Gsech’ ;(m+by-cot) . 1 (3.4) 
4. CNOIDAL WAVE SOLUTION 
For bounded solution we assume A = 0 in Eq. (2.3), and hence we obtain 
from Eq. (2.3) 
where C= (ao - 3b2)/a2 and D is an integration constant. 
For cnoidal wave solution the zeros of the cubic function F(U) on 
the right-hand side of Eq. (4.1) play an important role. It is shown in 
Appendix A that a cnoidal wave solution exists only if F(U) has three dis- 
tinct real simple zeros, say, U, > U, > U, and U, 6 U < U, . In this case 
s 
UI dU 
= (4.2) 
1’ J(U, - U)(U- U,)(U- U,)’ 
where U(; I ) = U, . The period T in 5 is given by 
T=“arJ(, 1 4)(&J )(I!,-u ). 2 3 (4.3) 
BY [51, Eq. (4.2) can be written as 
where 
qb = sin - ’ 
II-- 
u, -u &Ui -u2 
q-q- u, - u3 
and SK’ (sin 4, k) = F(& k) is the normal elliptic integral of the first kind 
with modulus k. 
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If we let o = SK’(sin 4, k), then we obtain the cnoidal wave solution 
cl(<) = u, - (U, - U,) sn2(u, k) 
= u2 + (U, - U,) cn2(o, k) 
= u, + (U, - U,) dn2(o, k) 
= U3 + (U, - U,) dn2 
where sn(o, k) = sin 4, cn(o, k) = cos 4, and dn(u, k) = dm. 
It should be noted that there is no restriction on C which can be 
positive, zero, or negative as long as C = 2( U, + U2 + 17,). 
5. REPRESENTATION OF CNOIDAL WAVE SOLUTION AS 
AN INFINITE SUM OF SOLITONS 
In this section we shall show that the cnoidal wave solution obtained in 
the previous section can be represented as a sum of infinite number of 
solitons. Furthermore, the period of the solution is explicitly exhibited. We 
are motivated by the one-dimensional results obtained by Whitham [2]. 
The method we use is quite different from that used by Whitham. We start 
with the Fourier series expansion [6] 
n.exp(in(rru/K)} 
sinh( m&‘/K) 
+ n .exp{ - in(~u/K)} 
sinh( m&‘/K) 1 
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with modulus k; q = exp{ - T&/K} IS referred to as norm and g(2nn) is 
defined as 
[ KInK’, if n = 0, 
g(2nn)= 2nn~exp{i(27nz)(u/2K)}’ 
I 271. sinh[(2?cn)(K’/2K)] 
if n #O. 
It should be mentioned that the series expansion formulas for sn2(o, k), 
and hence for dn2(u, k), listed in Ref. [7, 81 are incorrect. For further 
comments in this regard see the editorial note in Ref. [9]. 
In Appendix B it is shown that g(q) is a continuous and continuously 
differentiable function of 4, and that C,“= TV; g(2zn + z) and 
C,y= ~ o. g’(2zn + T) coverage absolutely and uniformly for all 7 in the 
interval [0, 270. Thus we can apply the Poisson’s summation formula to 
1:” ,I ~ ~ m g(2nq), see Ref. [lo], namely 
where 
G(m) = SW g(z) exp{ - imz} dz 
-cc 
llK2 
= F sech2 & (v - 2mK) 
i 
(5.2) 
(5.3) 
Hence 
dn2(o, k)=;-&,+& 5 sech2 
m= -cc 
$(u-2mK) , 
1 
and therefore the cnoidal wave solution U(r) in Eq. (4.5) can be written as 
u(r)=p+Q 1 sech2 R( 5 - 5:, + mT), (5.4) 
where 
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In Eq. (5.4), U is clearly a periodic function of 4 with period T. Each term 
in the infinite series is a soliton. This gives a representation of a periodic 
function by an infinite number of solitons. 
6. MODIFIED KdV EQUATION 
There is a similar situation for the two-dimensional modified KdV 
equation 
(u, + 6u2u, + u,,,), + 3u,,. = 0. (6.1) 
Let U(t) = u(x, y, t), where 5 = ax+ by- ot with a>O, then Eq. (6.1) 
becomes 
- (aw - 3h2) U + 2a2U3 + a4U” = At + Ba2/2, (6.2) 
where A and B are integration constants. 
(1) For solitary wave solution we impose boundary conditions U, 
U’, U”, U”’ + 0 as 5 + + co. Then A = B = 0, the nontrivial solution to 
Eq. (6.2) is 
A r/(t)=fisech~(t-bd (6.3) 
where to is an integration constant and C = (ao - 3h2)/a2 > 0, or aw > 3h2. 
If C< 0, there is no real solution since U2 = U2(C- U2)/a2. 
If o = a3 + 3h2/a and to = 0, then the above solitary wave solution is 
given as 
U(r)=asech(ax+by-wt). 
(2) For cnoidal wave solution, we set A = 0 in Eq. (6.2) and obtain 
(6.4) 
where D is an integration constant. 
Suppose that we choose B, C, and D in such a way that F(U) has four 
distinct real simple zeros U, > U, > U3 > U, with U, = -U, , U, = -U2 
and U2 < U < U1. From Eq. (6.4) we get 
u(t)= [Uf-(UT- U:)sn2(o,k)]“* 
= [u; + (Uf - u;, cn2(o, k)] 1’2 
= u, dn(0, k), (6.5) 
where U(<,)=U,, u= -(U,/U)(~-t,), and k’=(U:-Uz)/U:. 
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Again using the Fourier series expansion of &(v, k) and the Poisson’s 
summation formula we obtain 
U(()=Q f sechR(l-5, +mT), 
rn=~ cc, 
(6.6) 
where Q = CT, n/2K’, T= 2aK/U,, and R = Kn/K’T. K and K’ are defined 
following Eq. (5.1). 
For the generalized KdV equation 
Ca,+(n+l)(n+2)u”u,+u,,,].+3ul,.=0, (6.7) 
we can obtain nontrivial solitary wave solution only if C= 
(ao - 3h2)/a2 > 0. This solution is given as 
(6.8) 
where to is an integration constant. 
However, we have not been able to establish our conjecture that the 
solution of Eq. (6.7) can also be represented by an infinite sum of solitons 
which are of the form in Eq. (6.8). 
APPENDIX A 
In Eq. (4.1), F(U) = - U3 + (C/2) U2 + BU + D, the zeros of F(U) must 
be essentially one of the six types as shown in Fig. 1. We note that F(U) > 0 
in the shaded intervals. We follow the arguments used by Drazin [ 111. 
Case (1). See (a). F(U) has a triple real zero U3, from Eq. (4.1) we 
know U, = C/6, since 
This leads to 
C 2a2 
w)=y(5-iro)2’ 
where to is an integration constant. U(r) is unbounded in this case. 
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FIG. 1. The zeros of F(U), 
Case (2). See (b), (c), (d), and the left part of (f), where F(U) 30. If 
u’ < 0 initially, then F(U) > 0 for all 5. This means that U decreases 
without bound as 5 -+ co. If u’> 0 initially, then U increases until it 
reaches the smallest real zero U, of F(U), in this case U3 is a simple zero of 
F(U) and a simple maximum of U (a Taylor’s formula for F(U) around U, 
and the fact that u” = 4 d( U')2/dU= (l/a’) F’(U) will help us see this). 
Therefore u’< 0 after the maximum is attained, and hence U decreases 
without bound as 5 + co. U(t) is also unbounded in this case. 
Case (3). See (e). F(U) has a real simple zero U, and a real double 
zero U, which is also a zero of F. Thus 
=-$~(U-U,)2+O{(U-U2)3}, as U-+U,. 
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This can occur for real U’ only if F’( U,) > 0. Therefore we have 
U(l)- U3 +constant.exp 
i 
&ik"'(U,)< 
I 
, as r-+rco. 
Clearly, this may be recognized as a solitary wave. 
Case (4). See the right part of (f) where F(U)>O. F(U) has three 
distinct real simple zeros U1 > U, > U, and U, > Ub U,. In this case U, is 
a simple minimum and U, is a simple maximum of U. At these points U 
changes sign. Therefore U(r) is periodic and it is a cnoidal wave as given in 
Eqs. (4.2) and (4.5). 
APPENDIX B 
The proof that g(q) is a continuous and continuously differentiable 
function of q and that C,“= _ o. g(2rcn + z) and C,“= ~ o. g’(2rcn + r) 
converge absolutely and uniformly for all r in the interval [O, 271) is 
outlined here: 
(1) 
w7$h if q = 0, 
(1/27r)q .exp(iaq}/sinh /?q, if q#O, 
where LY = v/2K, D = K'J2K > 0; g is continuous for all q # 0. And 
lim g(q) =& lim v .exp{iwl 
‘1-O q-o sinhfiq 
1 (1 +icq)~exp{~q) 
=% lim 
q-0 B cash PI 
= & = g(0). 
Thus g is continuous for all 9. 
(2) 
[ ~iKW)~ if q=O 
g’(q)= [(l+iclq)sinhpq-j?~cosh/?~].exp{icr~} 
I 2n sinh’ /Iv 7 
if q#O 
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g’ is continuous for v] # 0. We verify that 
lim g’(q) = & lim 
v-0 7-O i 
(2@-- tx*pq - j13q)(cosh /Iv) exp{iq} 
2/12(cosh2 bq + sinh2 pq) 
_ (3a2 + ia3q +/I’ + i@*q)(sinh /Is) exp{ iq} 
2f12(cosh2 j3q + sinh’ /%I) 
= g’(0). 
Thus g(q) is a continuous and continuously differentiable function of q. 
(3) To show the convergence of the series C,“= ~ no g(2nn + T), we let 
f gPn+T)=2(M, +M, +M,), 
n= -3c 
where 
M = KP~K’, if z=O 
I 
(z/27l).exp{i~s}/Cexp(pz) -exp{ -b}l, if z #O, 
M,= f. 
(n + z/2rc) .exp{ia(2nn + z)} 
n=, exp{B(2m+T)}-exp{ -LV~n+~))’ 
M,= f 
(n - T/27T). exp{ -icr(27Vi - r)} 
.=,exp{P(2nn-~)}-exp(-P(2~n-~)J’ 
a = 0/2K, B=K’/2K>O. 
Clearly, for each term of M,, we have 
(n+r/2rr).exp{icr(2rcn+r)} n+l 
exp{/?(2rnz+t)) -exp{ -/3(2nn+z)} ‘exp(2P?m} - 1 =” 
for all z with 0 6 r < 271, and 
lim (~,+,/fx,)=exp{ -2/?rr} < 1 
n-cc 
Then I,“=, LX, is a convergent series and by the Werierstrass M-test, M, 
converges absolutely and uniformly for all z with 0 <z < 271. Similarly, we 
can prove that M, has the same property, and hence C,“= ~ o. g(2nn + 7). 
In essence we can prove the absolute and uniform convergence in [0,27c) 
for the series I,“= _ m g’(2zn + z) in the same fashion. Expressions are more 
involved. We omit writing down the details. 
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